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Conventional wisdom is that quantum effects will tend to disappear as the number of quanta in
a system increases, and the evolution of a system will become closer to that described by mean
field classical equations. In this letter we combine newly developed experimental techniques to
propose and analyse an experiment using a Bose-Hubbard trimer where the opposite is the case.
We find that differences in the preparation of a centrally evacuated trimer can lead to readily
observable differences in the subsequent dynamics which increase with system size. Importantly,
these differences can be detected by the simple measurements of atomic number.
Experimental techniques for the manipulation of ultra-
cold bosons have recently approached the sophisticated
level of control that have been available for many years
with quantum optics. In particular, the high level of
control of optical potentials [1–5] and the ability to ad-
dress individual wells of a lattice system with an electron
beam [6, 7] have opened new vistas for cold atom experi-
mentation. On the other hand, the exact quantum state
of a trapped Bose-Einstein condensate (BEC) aroused
early theoretical interest [8, 9]. Lewenstein and You [8]
used the Bogoliubov formalism to arrive at an ampli-
tude squeezed state and an analytic expression for the
phase diffusion of a trapped BEC. Dunningham [9] went
further and found that if Gaussian statistics were not as-
sumed, the statistics became closer to those of a number
squeezed state. They proposed that these states could
be differentiated via measurements of phase diffusion.
In this letter we analyse a system where the differ-
ence between initial quantum states can be detected in
the mean-field evolution, with no need for phase-sensitive
measurements. Although such mean-field effects have
been predicted in the photoassociation of atoms into
molecules [10–12], this remains a difficult experiment to
perform. The simpler mechanism we propose consists
of an appropriately prepared three well Bose-Hubbard
chain [13–16] with no initial occupation of the central
well [17] and is similar to that previously investigated in
terms of negative differential conductivity [18]. We will
show that the short time dynamics of the mean-fields are
heavily affected by the choice of initial quantum state,
and discuss how these initial states may be prepared ex-
perimentally.
Our physical model consists of three inline poten-
tial wells in the tunnelling regime of the Bose-Hubbard
model. This configuration has been analysed in terms
of entanglement with the middle well initially occu-
pied [19, 20], for which the mean-field Fock and coher-
ent state dynamics were indistinguishable. The effect of
the quantum states was seen only in the quantum cor-
relations used to measure entanglement. In this work,
we consider that the two end wells are initially occu-
pied with almost equal numbers of atoms. The quan-
tum states of these occupied atomic modes will depend
on how the system is prepared. If, for example, three
full wells were prepared and the electron beam method
of Labouvie et al. [6] were used to evacuate the cen-
tral site, we may assume that the two occupied wells
would be inhabited by something close to coherent or
amplitude squeezed states. If, on the other hand, digital
micromirror-based potentials [3–5] were used to prepare
two separate and isolated wells containing independently
condensed atoms with negligible atom losses, and these
were then translated together about a third well to be-
gin the tunnelling, the initial states would be closer to
Fock states [21]. Using phase space methods for differ-
ent quantum states [22], we will investigate these three
options.
Our description begins with the three-well inline Bose-
Hubbard unitary interaction Hamiltonian,
H = h¯χ
3∑
i=1
aˆ† 2i aˆ
2
i − h¯J
(
aˆ†1aˆ2 + aˆ
†
2aˆ1 + aˆ
†
2aˆ3 + aˆ
†
3aˆ2
)
,
(1)
where aˆi is the bosonic annihilation operator for the
atomic mode in the ith well, χ represents the collisional
nonlinearity due to atomic s-wave scattering, and J is the
tunneling strength. To analyse the dynamics of a system
described by this Hamiltonian, we prefer to use stochastic
integration in the phase space representations. Our first
preference is the positive-P representation [23] which is
exact where integration of the stochastic equations con-
verges. The second is the truncated Wigner representa-
tion [24, 25] which is approximate, but always converges
for these type of systems. It also has the advantage that
the probability distributions for the occupation of each
well can be accurately calculated in the Bose-Hubbard
2model [26]. In this work we will use the positive-P re-
sults for means and variances as an accuracy check of
the truncated Wigner results.
We obtain the equations of motion by following the
usual procedures [27, 28], mapping the von Neumann
equation for the density operator onto Fokker-Planck
equations for the pseudoprobability functions. The
positive-P representation gives a genuine Fokker-Planck
equation while the Wigner representation results in
a generalised Fokker-Planck equation with third order
derivatives. Although this can be mapped onto stochas-
tic difference equations, these are highly unstable [29],
so we take the usual route and truncate at second order,
which is often justified as cutting the highest order in a
1/N expansion.
For the positive-P representation, this process results
in the Itoˆ calculus [30] stochastic differential equations,
dα1
dt
= −2iχα+1 α21 + iJα2 +
√
−2iχα21 η1,
dα+1
dt
= 2iχα+21 α1 − iJα+2 +
√
2iχα+21 η2,
dα2
dt
= −2iχα+2 α22 + iJ (α1 + α3) +
√
−2iχα22 η3,
dα+2
dt
= 2iχα+22 α2 − iJ
(
α+1 + α
+
3
)
+
√
2iχα+22 η4,
dα3
dt
= −2iχα+3 α23 + iJα2 +
√
−2iχα23 η5,
dα+3
dt
= 2iχα+23 α3 − iJα+2 +
√
2iχα+23 η6, (2)
where the (αj , α
+
j ) are the c-number variables corre-
sponding to the operators (aˆj , aˆ
†
j) in the sense that the
averages αmj α
+n
k converge in the limit over a large num-
ber of stochastic trajectories to the expectation values of
normally-ordered operator products, 〈aˆ†nk aˆmj 〉. In gen-
eral, αi and α
+
i are not complex conjugates, with this
freedom allowing us to reproduce quantum evolution.
The ηj are Gaussian random variables with the corre-
lations ηj(t) = 0 and ηj(t)ηk(t′) = δjkδ(t − t′). These
equations are solved numerically, taking averages over a
large number of stochastic trajectories, with 106 being
averaged over for the results of Fig. 1.
The use of the truncated Wigner representation results
in the classical looking equations of motion,
dα1
dt
= −2iχ|α1|2α1 + iJα2,
dα2
dt
= −2iχ|α2|2α2 + iJ (α2 + α3) ,
dα3
dt
= −2iχ|α3|2α3 + iJα2, (3)
with quantum evolution resulting from different initial
conditions sampled from distributions for the appropriate
quantum states [22]. Averages of the Wigner variables
represent symmetrically ordered operator products such
that, for example αjα∗j converges to
1
2
〈aˆ†i aˆi + aˆiaˆ†i 〉 =
Ni +
1
2
. To obtain the binned probability distributions
used below, we averaged over 107 stochastic trajectories.
We begin our simulations with the outer two wells sim-
ilarly populated with the same atomic quantum states,
and investigate the effects of varying the collisional non-
linearity. The three states used, Fock, coherent, and am-
plitude squeezed, do not need equal numbers. We inves-
tigated differences of up to 10% on each side, and found
that this made little quantitative difference to the results.
The results for coherent and amplitude squeezed states
are first shown with the same mean numbers and phase,
since these would most likely be prepared by evacuat-
ing the central well of a three-well system in equilibrium.
The last result shown will demonstrate that having the
same phase is not necessary to see the effects of interest.
It is important that theory should be relevant to exper-
iment and the parameters used here are consistent with
accessible experimental values. Fixing the tunnelling rate
at J = 1 sets the scale for all the other parameters. J it-
self can be altered by changes in the well depths and sep-
aration. The most difficult parameter to change exper-
imentally would be χ, which is possible using Feshbach
resonance techniques [31]. Using the published results of
Albiez et al. [32] and setting their tunnelling rate equal
to one, we find that their χ ≈ 10−4 in our units. While
this is the smallest value that we have used, deeper wells
would lower J and give a ratio χ/J consistent with our
higher values, or χ could be changed using Feshbach tech-
niques. By reference to the same article, we can also say
that our system is in the regime where the three-mode
approximation is valid.
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FIG. 1: (colour online) The number of atoms in the middle
well as a function of scaled time Jt, for N1(0) = N3(0) = 1000
and χ = 10−4. The dash-dotted line is for initial number
states and the upper, indistinguishable lines are for initial co-
herent and squeezed (r = 0.5) states. These results are the
averaged solutions for 106 trajectories of the positive-P equa-
tions and have converged to less than the plotted linewidths.
All quantities in this and subsequent plots are dimensionless.
Fig. 1 shows the mean field solutions for the middle
well, for initial conditions of Fock, coherent, and squeezed
3states in the two outer wells with the middle well ini-
tially unpopulated. In all our calculations we set J = 1,
which sets the time scale. For the figure we have used
the lower of three collisional nonlinearities considered,
with χ = 10−4. The coherent states |α〉 are chosen with
α1 = α3 =
√
103, the Fock states |n〉 are chosen with
n = 1000, and the amplitude squeezed states |α, r〉 are
chosen with α as in the coherent states and the squeez-
ing parameter r = 0.5. This means that the Xˆ(= aˆ+ aˆ†)
quadratures will have variances of e−r ≈ 0.6 and the
Yˆ (= −i(aˆ − aˆ†)) quadratures will have er ≈ 1.6 at the
beginning of the time evolution. The dynamics for the
two other parameter regimes we have investigated, with
χ = 10−3 and N1(0) = N3(0) = 100, as well as χ = 10
−2
with N1(0) = N3(0) = 20, follow the same pattern.
A similar difference was seen in a previous work investi-
gating a four well phase sensitive gate for atoms [33], with
the dynamics being markedly different for different initial
quantum states. In that paper the difference in the dy-
namics was not quantified apart from showing the over-
lap or lack thereof of the mean field solutions plus and
minus one standard deviation for the different initial con-
ditions. Since the publication of that article, Lewis-Swan
et al. [26] have developed a method for binning the re-
sults of truncatedWigner trajectories and shown that, for
broad enough number distributions, this can reproduce
the actual number probability distribution, P (N), to a
high degree of accuracy. In particular, it was shown that
the method worked well for the Bose-Hubbard dimer.
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FIG. 2: (colour online) The number distributions from bin-
ning of truncated Wigner trajectories at the first time of max-
imum transfer, Jt = 1.11, for N1(0) = N3(0) = 100 and
χ = 10−3. The squeezed state has r = 0.5.
We have used this method of binning of trajectories to
calculate P (N2) for the different initial conditions cho-
sen. In Fig. 2 we show the result for χ = 10−3. This
obviously gives far more information about possible ex-
perimental outcomes than is available from the means
and variances. We see that the distributions for initial
coherent and squeezed states are similar, with that for
the squeezed states being a little narrower. It would be
difficult to tell these apart experimentally. The distribu-
tion for initial Fock states, however, is remarkably dif-
ferent, in both the mean and the distribution. Although
the mean shows that the middle well will on average have
100 atoms at this time of maximum transfer, the largest
probability is for no atoms to be transferred at all. Many
of the results of individual experimental runs would find
a number that would be practically impossible when be-
ginning with coherent states. Fig. 3 shows similar be-
haviour for χ = 10−4 and N1(0) = N3(0) = 10
3. In this
case the most probable central well occupation for initial
Fock states is again zero, and most of the possible num-
bers are outside the distributions for the coherent and
squeezed states.
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FIG. 3: (colour online) The number distributions from bin-
ning of truncated Wigner trajectories at the first time of max-
imum transfer, Jt = 1.11,, for N1(0) = N3(0) = 1000 and
χ = 10−4. The squeezed state has r = 0.5.
Although the pictorial results give a good indication
of the difference between ensembles of outcomes, we feel
that physics should be as quantitative as possible. To
that end, we now move to a quantitative measure of the
differences between predicted experimental outcomes, us-
ing a statistical method developed for the comparison of
probability distributions. A measure of the difference
between the ensembles of results can be given by the
Bhattacharyya coefficient and the Bhattacharya statis-
tical distance [34], which are statistical measures used
to compare two distributions. The Bhattacharyya coeffi-
cient is defined for two discrete samples as
B(P1, P2) =
∞∑
n=0
√
P1P2, (4)
and will be equal to one for identical distributions and
zero when there is absolutely no overlap. The Bhat-
tacharrya coefficents for the calculated distributions are
given in the table below,
χ = 10−2 χ = 10−3 χ = 10−4
B(PF , PC) 0.531 0.403 0.287
B(PF , PS) 0.484 0.364 0.259
B(PC , PS) 0.947 0.942 0.939
,
4where F=Fock, C=coherent, and S=squeezed with r =
0.5. From these we can calculate the Bhattacharyya sta-
tistical distance,
DAB = − ln [B(PA, PB)] , (5)
which has a value of zero for completely overlapping and
hence indistinguishable distributions and becomes infi-
nite for distributions with no overlap whatsoever. These
are given in the following table,
χ = 10−2 χ = 10−3 χ = 10−4
DFC 0.633 0.909 1.25
DFS 0.726 1.01 1.35
DCS 0.055 0.060 0.063
.
We immediately notice that the Bhattacharyya distance
grows for each comparison as χ decreases. Given that
a larger number of atoms can occupy each well, while
staying within the confines of the Bose-Hubbard model,
as long as χ decreases, this means that the difference
between these distributions is a quantum statistical effect
that becomes more observable as the number of atoms
is increased. This example contradicts the conventional
wisdom, where quantum effects are thought to disappear
as the number of quanta increase, and a classical mean-
field analysis is expected to become more accurate. The
increase in the Bhattacharyya distance is directly due to
the increased number of atoms and the quantum nature
of the atomic field. Such an effect would be very difficult
to observe with photons due to the difficulty of preparing
large N Fock states.
In previous work on a phase sensitive atomic gate con-
structed from a Bose-Hubbard model [33], we found that
the differences in transferred populations due to initial
states could be mimicked via phase differences between
atomic modes. For example, two modes in coherent
states with a pi phase difference resulted in an almost
total suppression of tunnelling, while a pi/2 phase differ-
ence was found to give similar mean-field predictions to
two Fock states. In the latter case, although the number
variances were higher for two initial Fock states, this was
not sufficient to conclusively differentiate the two differ-
ent initial states. For the system we consider here, the
same is true and either two Fock states or two coherent
states with a pi/2 phase difference evolve to give the same
average number of atoms transferred. However, as can
be seen in Fig. 4, the distributions leading to these av-
erages are markedly different. This difference can again
be quantified with B(PF , Pφ) = 0.407 and DFφ = 0.899,
where Pφ is now the distribution for the coherent states
with pi/2 phase difference.
In conclusion we have shown that newly developed
techniques for the manipulation of trapped ultracold
atoms allow for the observation of mesoscopic quantum
effects using only number measurements. Previously
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FIG. 4: (colour online) The number distributions from bin-
ning of truncated Wigner trajectories at the first time of max-
imum transfer, Jt = 1.11,, for N1(0) = N3(0) = 100 and
χ = 10−3. The wide distribution comes from initial Fock
states, while the narrow distribution comes from coherent
states with a pi/2 initial phase difference.
the differences in behaviour of different quantum states
have needed phase sensitive techniques such as homodyne
measurement or coherence measurements in order to be
detetcted. Here, a system as simple as a Bose Hubbard
trimer can result in quantum dynamical effects which ac-
tually become easier to detect as the number of atoms is
increased. This is the opposite of conventional wisdom
and the realisation that these effects are not only possi-
ble but also readily observable has the potential to open
new areas of investigation in quantum atom optics.
Experimentally, challenges remain in implementing the
described Bose-Hubbard trimer system. However, dy-
namical optical control of sites in 1D lattices allows
preparation of the separate wells with tunnelling rates
similar to [32], with either electron beam emptying of lat-
tice sites [6, 7], or with digital micromirror based meth-
ods to quickly empty the middle well [5]. Deterministic
preparation of Fock states with exact N is challenging,
typically requiring a local number-sensitive energy shift
and has been most successfully implemented in 3D opti-
cal lattice experiments [35]. We note however that the
large Bhattacharyya distances indicate results will be ro-
bust to shot-to-shot number fluctuations. Since BECs
created in isolation will approximate Fock states in the
limit of low atom losses [21], we expect the preparation
step may be accomplished through deep evaporative cool-
ing in potentials based on the aforementioned technolo-
gies.
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